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ON THE FUNDAMENTAL PRINCIPLES OF THE 
DIFFERENTIAL CALCULUS. 





BY WILLIAM CAIN, C. E., MEM. Am. Soc. C. E. 


There are probably no students of the infinitesimal cal- 
culus, who have seen its varied applications, that are not 
impressed with its inimense scope and power, ‘‘constitut- 
ing, as it undoubtedly does,’’ says Comte, ‘‘ the most lofty 
thought to which the human mind has as yet attained.”’ 

It was not to be expected that a science of reasoning, 
involving so many new and delicate relations between 
infinitely small quantities, should appear perfect, in its 
logical development, from the beginning, even with such 
men as Newton and Leibnitz as its creators. For a long 
time mathematicians were more concerned in extending 
the usefulness of the transcendental analysis than in ‘‘rig- 
orously establishing the logical bases of its operations,’’ 
though it has given rise at all times to a great deal of con- 
troversy, which has been of great aid to those geometers 
who concerned themselves particularly with establishing it 
upon a logical basis. Of this number none are more 
prominent than the French author, Duhamel. He pro- 


’ 


ceeded by a rigorous use of ‘‘the method of limits,*’ whose 


thorough comprehension he regarded as so important that 











JOURNAL OF THE 


he devoted the first half of his Differential Calculus to its 
numerous applications. 

In the United States, after the appearance of Bledsoe’s 
‘*Philosophy of Mathematics’? in 1867, calling especial 
attention to Duhamel’s elegant treatment and contrasting 
it with the false logic of various other schools, there have 
appeared a few good elementary books, nearly free from 
errors, though sometimes showing a trace of them; thus 
illustrating the tenacious grip of errors induced by early 
vicious training. With these fairly good books have ap- 
peared some as bad as have ever been written, from a log- 
ica] stand-point, as well as others, where ingenious soph- 
istry has done its utmost to try and blind the student (and 
possibly the author) to the false logic involved. The 
English as a rule have followed in the lead of Newton, 
perpetuating his error that a variable can reach its limit, 
and they have occasionally introduced a number of errors 
from the Leibnitz school, whose teachings still pervade most 
of Germany, the place of its birth. 

If the above is true as to the persistent perpetuation of 
false logic in the treatment of the first principles of the 
calculus, it would seem that no apology was needed for a 
critical review of those first principles, particularly as no 
matter what school is followed in learning the calculus the 
scientific student will be sure to come across the teachings 
of various schools in the applications and thus should be 
prepared to take them at their true worth and modify them 
in statement or otherwise when necessary. 

Although a good deal of old ground is gone over, it was 
essential to do so to bring out the points criticized in strong 
The grouping of subjects is intended to be such as 


relief. 
to enable the beginner in the calculus to see at once its 
truth and to catch on to its true spirit. The methods of 
Newton and of Leibnitz, with criticism, is given in fine 
print to avoid confusion, and can be omitted the first read- 
ing, without detriment to the rest, if preferred. 


mB) 
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Definition of the Limit of a Vartable. When a variable 
magnitude takes successively, values which approach more 
and more that of a constant magnitude, so that the differ- 
ence with this last can become and remain less than any 
designated fixed magnitude of the same species, however 
sinall, whether the variable is alwavs above or always below 
or sometimes above and sometimes below the constant, we 
sav that the first approaches indefinitely the second and that 
the constant magnitude is the limit of the variable mag- 
nitude. 

More briefly, this is often stated thus: The limit of a 
variable is the constant, which it indefinitely approaches 
but never reaches. 

Definition of an Infinitesimal. An infinitely small quan- 
tity or an infinitesimal, is a finite quantity whose /:7/ is 
zero. Hence the infinitesimal approaches zero indefinitely, 
but can never attain it, since zero is its ‘‘limit.’’ As an 
illustration, take two straight lines incommensurable to 
each other. Mark the ends of the first line A’, B', the 
ends of the second A, B. Now as we can always find a 
unit of measure that will go into A'B' arn integral num- 
ber of times, apply such a unit to AB from A to C, as 
many times as possible, leaving a remainder over CB less 
than one of the parts. Then the ratio, 


AC 


A'B' 
is less than the ratio of the two lines, but approaches it 
indefinitely as the unit of measure decreases indefinitely, 
since CB being always less than the unit, tends towards 
zero but can never reach zero; hence CB is an ¢xfinitestmal 
and AC approaches AB indefinitely without ever being 
able to reach it. By the definition therefore, the limit of 
CB is zero and the limit of AC is AB, hence the limit 


of the ratio above, 
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AC AB 


A'B! A'B! 


is what is called the incommensurable ratio, AB: A' B 


lim. 





It is assumed, of course, that the successive units of meas- 
ure all exactly divide A'B'. It may happen that one of 
these units applied to AB will cause the point C to lie very 
near the point B, but for a smaller unit the distance CB 
will be greater than before, so that the variable CB is 
sometimes decreasing and then again increasing, but as it 
is always less than one of the parts into which A' B! has 


’ 


been divided, it can ‘*become and remain’’ less than one 
of the parts or less than any finite number that may be 
assigned, however small; hence zero is its limit by the 
definition. 

If in the ratio above we take A' B'as 1 (one foot say), we 
have, limit AC AB from the last equation. AB and 
AC can thus be regarded as incommensurable and com- 
mensurable numbers respectively, and we see from the 
above that an incommensurable number, as AB, is the 
limit of a commensurable number as the number of parts 
into which unity is divided is indefinitely increased. 

The student of algebra and geometry is familiar with 
many applications of the theory of limits, such as: limit 
of (1 4Y+\ Ig ...) = 2, as the number of 
terms of the series is increased indefinitely; the circle is 
the limit of a regular inscribed or circumscribed polygon, 
as the number of sides is indefinitely increased, etc., etc. ; 
so that no more illustrations need be given if these are care- 
fully studied in connection with the first definition given 
above to show that it is complete and meets fully every 
case that arises. 

It may be observed, too, that although we can express 
the length of a straight line or the perimeter of a polygon, 
in terms of the length of a straight line, taken as a unit 
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of measure, we are confronted with the difficulty, in the 
case of any curve line, that we cannot apply the unit of 
measure, or any fractional part thereof, to the curve. We 
can apply it, however, to the inscribed or circumscribed 
polygon, and by taking the limit to which these polygons 
approach indefinitely as the number of sides is increased 
indefinitely, we get what is called the length of the curve. 
Similarly no meaning can be attached to the expressions, 
area of a curve or area of a curved surface, unless we define 
them as the limit of the area of the inscribed or circum- 
scribed polygon in the first case, or as the limit of the area 
of the surface of the inscribed or circumscribed polyedrons 
in the second case, the number of sides or faces, as the case 
may be, increasing indefinitely. In the case of volumes, 
too, neither the unit of measure nor any fraction of it can 
be directly applied when the bounding surfaces are curved, 
so that a volume must be defined as the limit of the varia- 
ble volume of some inscribed or circumscribed polyedron 
as the number of faces is indefinitely increased. The dif- 
ficulty of ‘measuring curved surfaces, volumes, ete., occurs 
to every reflecting student, and it is strange that none of 


our geometries give any definitions but only methods of 
finding lengths, areas and volumes of curved lines, surfaces 
and volumes, assuming that the student will find out in 
some way what is meant by such terms. 


, 


The ‘‘Theory of Limits’’ will not be entered into here 
as it is sufficiently exposed in many text-books. Some 
strange definitions of infinity, though, appear in some 
excellent books. The following is a sample: ‘‘When a 
variable is conceived to have a value greater than any 
assigned value, however great this assigned value may be, 
the variable is said to become zzfuzite,; such a variable is 
called an ¢nfinite number.’’ As an ‘‘assigned value”’ 
means some finite value, it follows from this definition that 
an infinite number is only some number greater than some 
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finite number, however large; in other words, an infinite 
number is a finite number! If such quantities have to be 
considered they should be given a different name and sym- 
bol to avoid confusing these with absolute infinity. The 
letter G is suggested to distinguish such finite quantities 
from absolute infinity «. We get our ideas of infinity 
from space and time, for finite as are our capacities, we 
cannot conceive of space or time ever ending; hence we 
speak of infinite space and infinite time. However far, in 
imagination, one may travel in a straight line in space, it 
is impossible to conceive of ever arriving at any point 
where there is not ¢vfinite space beyond. 'The considera- 
tion of a row of figures, 10000... , extended without 
limit, gives one an idea of an infinite number. 

Consider the quotient, 

a 
.oooota, 
TLO0000 
where a is finite. 

The number of noughts in the right member is one less 
than the number of noughts in the denominator, and suc- 
cessive divisions by ten show that the same law holds, no 
matter how great the denominator. 

If we conceive the number of noughts in the denominator 
to be increased to several billion, the quotient is extremely 
small, as in the right member we have the same number 
of noughts less one before reaching the 1; thus as the 
denominator increases indefinitely the value of the fraction 
approaches zero indefinitely, and this is all that is meant 


a 
by the abbreviated notation, — = o. 
x 
° a 
Similarly it may be shown, if — = y and +x decreases 


rv 
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indefinitely, that y increases indefinitely, and this is the 
a 

meaning of the notation — = @, which has no sense by 
O 

itself. Although the limit of + above is zero, the limit 

of y is not infinity, since if y had a limit it could be made 

to differ from it by as small a quantity as we wish, whereas 

any finite quantity () will always differ from infinity by 

infinity. 

Thus the principle of limits, ‘‘if two variables are equal 
and cach approaches a limit, their limits are equal,’’ does 
not apply, as both variables do not approach limits. 

Therefore the singular forms mentioned must always be 
regarded as abbreviations, having the meaning attributed 
tothem above and not as meaning anything in themselves. 
We have an illustration of such forms in trigonometry. 
Thus, 

sin + 





tan r= 
COs 

As x approaches 90°, sin + approaches 1, cos .r, 0, and 
the left member, though always finite, increases indefi- 
nitely. The latter is said to be infinite for + = go°, 
though strictly, according to the usual definition, there is 
no tangent of go°, as the moving radius produced, being 
parallel to the tangent, can never intersect it. As parallel 
lines are everywhere the same distance apart, they cannot 
meet, however far produced, so that the statement that two 
parallel lines meet at infinity is essentially false. 

Similarly we can reason for all the functions that increase 
indefinitely, without ever ceasing to be finite, where the 
angle approaches some limit, or fixed value it can never 
attain, with any meaning corresponding to the functions. 
The above is still more evident when we regard the ratio 
definitions first given in trigonometry, for then, there can 
be no function without a right triangle can be formed and 
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there is no triangle when one acute angle is either o or 
go°; therefore we can only say that sin 1 approaches o as 
its “limit’’? as + indefinitely diminishes, and tan + in- 
creases indefinitely as + approaches go°. 

With this meaning to be given such expressions as 
sin O = 0, tan go x, they can be safely used (and will 
be used in what follows), though there is really no sine cor- 
responding to 0° and no tangent for go°. 

The next subject treated will be the general one of find- 
ing the limit of the ratio of two related infinitesimals, 
which is the principal problem of the differential calculus. 

As a special example, consider 
the circular are ABC, fig. 1, of ra- 
dius unity, whose length in circular 
measure is 21. Divide it into two 
equal parts, . AB = AC and 
draw tangents AD and CD, inter- 
secting. on radius OB produced. 
. Call the chord AB chord BC é. 
Fig. 7 Then since the radius is taken as 

unity, EA = sin rand AD = tan +. 





Now by geometry we have, 
AC 2c 2.2 AD DC: 


whence, dividing by 2, we have, 








sin + c t tan vv. 
Also since, 
sin 2 sin a 
— cos x .*. Timi. — - 
tan + tan 
as x indefinitely diminishes, since then, lim. cos I, as 


cos x indefinitely approaches unity without ever attain- 
ing it. 

Now since ¢ and + are always intermediate in value be- 
tween sin + and tan .r, it follows that the ratio of either to 
the other, or to sin + or tan 7, approaches indefinitely unity 


as a limit. 
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sin + sin x sin + 
<* ae — = lim. — = lim. —— =], 
c v tan + 
c Cc » 4 
lim. — = lim. — = lim. —— = 1; 
v tan + tan + 


aud it is the saine for the reciprocals of the above ratios. 
oO 
Any one of the above ratios approaches the form — indefi- 
Oo 
nitely, but can never attain it, as the functions cease to 
exist when + = o and the ratio ceases to exist; but the con- 
stant value which the ratio approaches indefinitely but 
never attains (7. ¢., the limit) is at once found to be unity. 
A function of + is some expression that contains + and 
is designated by some letter as 4 F,... , with + in paren- 
theses following. Thus /(x), F(x), ... are read little / 
function of 1, large F function of +, ete. If in any func- 
tion, /(+) of x, the variable + is changed throughout to 
(x + h) so that the same operations are indicated for (1 + 4) 
as in the original function were indicated for +, the result 
is written /(+ + A). 
Thus if, 
x 
J(x) = 2 cos | — -- log x, 
a 
x+h) 
— 1 log (+ h). 





f(a + h) = («x + h)* cos 

a 
The increase in + (= /), is called the increment of + and 
is generally written in the calculus ar, so that 4 = ar. 
The symbol a (delta) indicates a difference, ax signifying 
the difference between two states of + and the symbol ar is 
regarded as an indivisible one and not composed of two 
factors a and x that can ever be dissociated. Similarly 
for ay, az, etc., when the letters y, 2, etc., occur in any 


2 
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expression. If v = /(1) and we arbitrarily change + to 
(2 A)=(a av), then y will take a new value, desig- 
nated by y av, where ay is the increase in y due to the 


increase inv. 
Thus, if vy = /(+), (1), 
V AV J (wv A) J (wv eee 
« is here called the independent variable and y the de- 
pendent one, since the value of y depends on that of «, which 
we shall suppose to increase at will or independently of any 
other variable in the formula. 

It is important to note here that although x is generally 
increased so that avis plus, yet the new value of y(=y + ay) 
mav be either greater or less than before. In the last case 
av will be minus. Hence, if in any case, ay is found ulti- 
mately to be minus, we shall know how to interpret the 
result. 

In equatious (1) and (2), let . be first supposed to have a 
fixed constant value, then y will have a corresponding con- 
stant value. Subtracting (1) from (2) and dividing by a., 


AV f(a ar) —/(x) 


Ww 





— ees |. 
ar Aw 

We shall presently show that this expression generally 
has a limit as ar approaches zero. From (2) above, ay ap- 
proaches zero indefinitely at the same time that a. does, so 
oO ay 
that (3) approaches indefinitely the form -—, but the va/zo — 
oO Aw 
can never reach this form, for where ay and av are both 
zero there is no ratio. We can however find the /77¢, 07 
ay flv + av) —/(2) 
the constant value to which the ratio — = 

AW Jer 
lends indefinitely without ever being able to reach as a 
ratio, and this limit is known as the derivative, derived 
function or differential co-cffictent of the function f(x) wrth 
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respect to x as the independent variable. We have hitherto 
supposed . to have a constant value, but the above method 
of finding the derivative is the same whatever value of ., 
giving real values to y in o, we start from; hence the 
method is perfectly general. 
As an illustration let, 
y f(x) = wv’ db. 
If # is changed to (w# + 2) = (# 4 ax), vy will be changed 
to v Ay. 
y AV f(a h) (ec + AY + fh. 

Expanding the right member of the last equation and sub- 


tracting the preceding equation from it, we have, 


Ay 3n7h aeh* + h’. 
Dividing by 4 = ar, we have, 
ay 
— 3x” + (ae + ar) ar..... (4). 
Ar 


The limit to which the right member approaches indefi- 


nitely is 31°, since as ar diminishes indefinitely, so does 





the term (3.r av) av in which av isa factor. Therefore 
the derivative of /(r) = 2° 6 with respect to 2 is, 
ay J (x + av)—/(*) 
lim. — lim. 3s". 
AY AY 


This limit (31°) is true, no matter what value of + we 
start from, and its numerical value depends upor the value 
of x. It is seen to be perfectly definite and finite and to 
vary from zero to plus infinity according as + changes from 
zero to infinity. For a given value of +x as 2, the limit 
has only one value = 12. Similarly for any other value. 
It is only in the case of the simpler functions that / (2 —- 2) 
can be developed readily, so that the derivatives can be 
easily found, but after ra/es for finding the derived func- 
tions of products, powers, etc., have been deduced (as given 


in elementary treatises on the calculus) the work of finding 
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s 


them by these rules is comparatively simple, however com- 


plicated the functions. 








ay S(x + h4)—Sf (4) 
As lim. —, lim. , are cumbersome sym- 
ar h 
dy 
bols it is usual to put — for them. 
av 
dy av f(a + h) —f (x) 
*,— = lim. — = lim. 
ax Av h 


In this expression dy is read differential of y and dx dif- 
ferential of 2, and both dy and der are to be regarded as 
indivisible symbols, so that @ is not a factor but a symbol 
of operation. The differentials ¢y and de are regarded as 
finite quantities, whose ratio, for any value of «, is exactly 

ay 
equal to lim. —. 
at 

Thus even for the same value of this limit, dy and dv 
can be supposed to both increase or both decrease at pleas- 
ure, the only restriction being that their ratio shall always 
equal the value of the limit for the particular value of x 
considered. There is thus great flexibility in this concep- 
tion of differentials. As a rule we shall consider the dif- 
ferentials as having appreciable values; in other cases it is 
convenient to treat them as zzfinitesimals or finite quantt- 
ties whose limits are zero, but which consequently never 

dy 
become zero themselves, as then the ratio — has no sig- 
ax 
nificance. In the same way av and ay are infinitesimals. 
In the equation, derived from one above, 
dy Ay 
me = lim. a = 37, : 
ax Av 
it is understood that we can clear the equation of fractions 


and write, 
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ay 
dy = Flim. — Jae = 32°dz. 
ar 

From this equation we see why 32° (in the particular 

ay 

example) or lim. — generally, is called a differential co-effi- 
Ax 

cient. 

On referring to the right member of eq. (4), we see that 
regarded by itself, it has no limit, since it is an essential 
requisite that a variable can never reach its limit, whereas 
by making az = 0, the right member becomes at once 32”; 
but considered tn connection with the left member, we see 
that although az must tend towards zero indefinitely, yet 
it can never be supposed zero, for then the ratio ay + ax 
has no meaning. With this restriction, then, the right 
member can approach 32” as near as we please without ever 
being able to reach it; hence 32” is the true ‘‘limit’’ of 
the right member when az is regarded as an infinitesimal 
whose limit is zero. 

It is evidently immaterial by what law, if any, az di- 
minishes towards zero. We can, if we choose, suppose ax 
to diminish by taking the half of it, then the half of this 
result, and so on, in which case ax will tend indefinitely 
towards zero, but can never attain it; or we can suppose 
av to diminish, in any arbitrary way, indefinitely towards 
zero without ever becoming zero. In any case the right 
member as well as the left has a true limit according to the 
strict definition. 

It is to be observed, too, that this limit is found on the 
one supposition that ax tends towards zero, for then ay, as 
a consequence, tends towards zero indefinitely without ever 
being able to reach it. 

We have emphasized this point, because some of the best known Eng- 
lish writers, as Todhemter, Williamson and Edwards, following the lead of 
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the great Newton, have assumed that a variable can reach its limit, so 
that (4) above should *‘ ultimately become"? 3.1%. 

That Newton failed to establish a true theory of limits is shown in 
Bledsoe’s Philosophy of Mathematics. As it was, he made a great advance 
over previous methods; but now that a correct theory of limits is so uni 
versally known, there can be no excuse for later writers in perpetuating 
the same errors that seemed inevitable in the dawn of the infinitesimal 
method. The French writers (following the lead of Duhamel), and also 
some American writers, have been more logical in their development of 


the infinitesimal calculus 


The problem of tangents is one which gave rise to the 
differential calculus and needs to be carefully considered. 

In fig. 2, let y /(.) be the equation of the curve DPS 
referred to the rectangular axes rand y. Suppose we wish 
to find the tangent of the angle PEX made by a tangent at 
a point P of the curve with the X axis or “he slope of thi 
curve at P whose co-ordinates are w and y. The co-ordi- 
nates of a point S to the right of P are y Ay, x Aw SO 


that, PO ar, SO ay and, 
— tan SPR. 


This equation gives 
the slope of the secant 


yp “e ! | PS which varies with 
R the values of av and 


D__— \” gpeake 
\y | av. If PS regarded 

| | ‘ * ‘ bs > <] 
_* x | ax| as a line imply, but 
& OC ~ ZB X not a secant, 1s _ re- 


Peg. 2 volved paeiaie P, in 

one position only, it 
coincides with the tangent, where it touches the curve in 
but exe point. If it is revolved further, it cuts the curve 
on the other side of P whether the curve in the vicinity of 
P is convex to the X axis as drawn or concave. If the 
curve is convex on one side of P and concave on the other, 


the line PS will cut the curve in three points when it lies 
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on one side of the tangent, and in one point when it lies 
on the other side of the tangent. When it coincidés with 
the tangent it cuts the curve in but one point. 

But in all cases, it must be carefully noted, that the 
secant PS as it revolves about P can approach the tangent 
PT as near as we choose, but can never reach it; for then 
it would cease to be a secant; hence the tangent is the lim- 
iting position of the secant. Therefore as a. (and conse- 
quently ay) diminish towards zero indefinitely, the point S 
will approach the point P indefinitely and angle SPR ap- 
proaches indefinitely angle TPR as its limit; whence fax 
SPR approaches indefinitely tan TPR as its limit. 

Therefore, taking the limit of the equation above, 

ay ay 
lim. — — tan TPR... . (5). 
AL av 

Hlence uf y f (x) ts the equation of the curve, the de- 
rivative of f(a) with respect to x ts always equal to the slope 
of the curve at the point (x, y) considered. Thus the tan- 
gent of the angle made by the tangent line of the cubic 
parabola y 2° 6, already considered, with the axis of 
w, equals 32° at the point whose abscission is 2. 

This value was determined above and its meaning is that 
for x equal too, 4%, %, 1, ete., the slope of the curve is 0, 
15, 34, 3, ete., and it increases indefinitely as « increases 
indefinitely. 

In Edwards’ Differential Calculus (second edition, 1892, page 20) we 
read, changing the letters to suit fig. 2, to which the theory applies: 
‘*When S$ travelling along the curve, approaches indefinitely near to P, 
the chord PS becomes in the limit the tangent at P.’’ In ex. 2, page 21, 
the author, in getting the final equation, again says: ‘‘Wihen S comes to 
coincide with P,’’ ete. It is plain from these references that this most 
recent English author considers a variable to actually reach its limit—a 
fundamental error we have exposed above. The chord cannot reach the 

Ay 
tangent without ceasing to be a chord, neither can the ratio —— slope 
ax 
Le) 


of chord) reach its limit — without the ratio ceasing to exist. 
0 
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Let us take as another illustration the common parabola 


a 2p. 


When « increases to .r aw, vy changes to y ay 
2 + ay ay + (ay)? = 2p (a 4+ ar). 
Subtracting the first equation from the second 
2v ay (av? 2p ar 
AV 2p 
avr = =62y + ay 


As av approaches zero, ay tends in the same time towards 


zero, a limit which neither can attain however. The right 
member similarly approaches indefinitely the constant — 


without ever being able to attain it, which is therefore its 


limit by the definition. Hence slope of tangent at point 


(2, ¥) 1s, 
ay dy p _ p 
lim. — — - Ey 
Aw ae y 2u 
From this equation we see that the slope of the tangent 
varies from plus or minus infinity for « = o to plus or 
minus zero for x on. 
a) Oo ay 
As, lim. — = - -, 
ar oO av 


the dy and dx would appear to replace the zeros in the 
O 

singular form —, which gave rise to Bishop Berkeley’s wit- 
O 

ticism that the dy and dv were ‘‘the ghosts of the departed 

quantities ay and ar.’’ As we have defined them above, 

dy and dr are finite quantities, of the same nature as y and 

a, whose ratio is always equal to the derivative, this ratio 

being variable when the derivative is variable. As y = /(x) 

can always be represented by a locus (since for assumed 

values of « we can compute and lay off the corresponding 
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values of y) and since dy + dx represents the slope of the 
locus at the point (w, y), we can represent dy and dx by the 
length of certain lines. Thus in fig. 2, from the point of 
tangency P, draw PR parallel to the axis of x avy distance 
from P to R to represent @r and from the point R draw RT 
parallel to the axis of y to intersection T with the tangent, 
when RT will represent dy, for then 

dy AY 

— = tan TPR = lim. —, 

ax ar 
as should be the case. 

If we choose to make dr = ar = PQ, then dy = QI, which 
is less than ay when S is above I, for a convex curve to X, 
and greater than ay when s is below, or for a curve concave 
to X, just to the right of P. It is only in the case where 
yv = /(*) is the equation of a straight line that for dr = ar 
we have dy = ay, for here ay + ar represents the slope of 
the line. 

Other important formulas can be deduced from fig. 2. 

If we call the length of the curve from some point D to 
P, s, then the increment of the arc PS corresponding to 
the simultaneous increment av of x will be called as. Call 
the length of the chord PS = «. 


Then we have, 








PO ax 
— = = cos SPO, 
¢ rd 
as— 
As 
OS ay 
—_ = = sin SPQ. 
Cc C 
As— 
AS 
P 
Now we have seen before that lim. — = 1, so that the 
as 


2 
J 
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av ay 

middle terms above approach —, — indefinitely and the 
As AS 


right members approach, as their limits, cos IPQ, sin IPQ 
respectively, as ar and consequently ay and as approach 
zero indefinitely without ever reaching it. Hence taking 


ar ar AV dy 
limits and designating lim. — by — and lim. — by — we 
as ar AS as 
have, 
Ar aa 
lim. — = cos TPO —...(6) 
as as 
ay dy 
lim. — = sin TPQ —....(7). 
AS ds 


These equations are satisfied by representing ds by the 
hypotenuse of the right triangle of which dv and dy are 
the other two sides. Thus if PO = dr and QI = ay, then 
PI = ads, but if PR = dv and RT = dy, then PT ds. 

In any case, we have the fundamental relation, 

as dz* + dy’..... (8). 

It is usual to represeut the derivative of /() with re- 
spect to + by /' (+). 

AV dy 
2. lim. —=/'(«4) = —. 
ar ax 

If we call w an infinitesimal that tends towards zero in 
the same time as ar, we can write, 

AV 
—_ = ts Wwe 
AY 
for taking the limits of both sides, we reach the preceding 
equation. The variable w is indeterminate and may be 
plus or minus. Clearing of fractions, we have, 
ay =S/' (rt) ar+ war.... (10). 
In fig. 2, since f'(v) ax = ar tan IPQ = IQ, we see 


that the term z Jr must represent IS. 
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Comparing the last equation with 
dy =z: f* (z) ds, 


obtained from au equation above, we see that when @r = ax, 
dy = ay — wax. 
Thus we have proved analytically, when dr = a+ that 


dy is never equal to ay (except when /() represents a 
straight line) and the difference is exactly represented on 
the figure by the distance IS. 


Many of the older writers, following the lead of Leibnitz, assumed that 
dy and ay, as well as ds and as, were identical when dx A+, and the 
error is perpetuated to this day by possibly the majority of the most recent 
writers; thus Williamson, in his Differential Calculus (6th Ed., 1887), page 
3, says, ‘‘When the increment or difference is supposed infinitely small 
it is called a differential.’’ Similarly in a recent American treatise on 
the calculus by Bowser, the same definition is given. 

Professor Bowser defines *‘ consecutive values of a function or variable 
as values which differ from each other by /ess than any assignable quan- 
tity.’ He then adds, ‘A differential has been defined as an infinitely 
small increment or an infinitesimal; it may also be defined as the d7ffer- 
ence between two consecutive values of a variable or function.’ 

As there are an infinite number of values lying between o and ‘‘ any 
assignable quantity,’’ however small, it follows that such differentials are 
simply guile small finite quantities. 

The differentiation of a function, as y aa? + 6, would then pro- 
ceed after the method of Leibnitz, as follows: 

y=arzt+ b. 
Give to v and y the simultaneous infinitesimal increments dv and dy, 
vyt+dy=a(r+dr)?+ 4. 
Subtracting the first equation from the last, we have, 
dy =a (2xdx + dx?). 

Now from the nature of infinitesimals, it is regarded by the followers of 
Leibnitz as evident that @1? can be neglected in comparison with 2 dv, 
because the square of the infinitesimal da is infinitely small in compari- 
son with the variable itself, whence, 

dy =2ax dx. 

It is scarcely necessary to remark to the reader that, for an exact result, 
we cannot make @+ =o in part of an equation without making it zero 
throughout; so that the equation is fundamentally wrong. 

When we go to the applications to curves, however, another error is 
made, of an opposite character to the first, so thai by this secret compen- 
sation of errors the result is finally correct. Thus a curve is regarded as 
and a tangent line 


a polygon whose sides connect ‘‘ consecutive points 
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at any point is the chord produced through this point and its ‘‘ consecutive 
point,’’ so that dy -> dx gives the slope of the tangent at the point. This 
is of course wrong, but it exactly balances the other error above, for from 
the last equation we find the slope, so determined for the curve _y = a2? + 4, 
to be (2 a.7), which we know to be correct by the strict method of limits. 

The great French author, Lagrange, says in this connection, ** In regard- 
ing acurve as a polygon of an infinite number of sides, each infinitely 
small, and of which the prolongation is the tangent of the curve, it is 
clear that we make an erroneous supposition; but this error finds itself 
corrected in the calculus by the omission which is made of infinitely small 
quantities. This can be easily shown in examples, but it would be, per- 
haps, difficult to give a general demonstration of it.’’ 

Bishop Berkeley, long before Lagrange, showed this secret compensa- 
tion of errors in a particular example, his endeavor being particularly to 
‘show how error may bring forth truth, though it cannot bring forth 
science.”’ . 

Leibnitz, in attempting a defense of his theory, stated that ‘he treated 
infinitely small quantities as zxcomparabdles, and that he neglected them 
in comparison with finite quantities ‘like grains of sand in comparison 
with the sea’; a v.ew which would have completely changed the nature of 
his analysis by reducing it to a mere approximative calculus.’’ See 
Comte’s Philosophy of Mathematics, Gillespie, p. 99. 

The demonstration given above in the case of / (7) = a2? + 6 can be 
made general, as follows: 

From the exact equation (9) above, following the notation of Leibnitz 
where dy and @v are taken as identical with Ay and 4-v, we have exactly, 

dy 
— =f! (4) + w. 
ax 

The followers of Leibnitz, in differentiating, throw away the term w as 
nothing and pretend to write exactly, 

dy 
- se (4): 
da 
but as they make another error by calling the ratio of the increments dy 
and dr the slope of the curve, we thus find the latter to equal f ! (x), which 
AY 
was assumed above to equal lim. — or the slope of the curve; so that the 
Ax 
two errors, for any function, balance each other and we reach a correct 
result. 

As the truth of any result, as given by the Leibnitz method, can only 
be tested, in a similar manner to the above, by comparing with a result 
known to be correct by use of the method of limits, it would seem to be 
inexcusable not to found the calculus upon this latter method. After- 
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wards a true ‘infinitesimal method’ can be easily logically deduced (as 
Duhamel and others have shown) that will offer all the advantages and 
abbreviated processes of the Leibnitz method, with none of its errors of 
reasoning. 

It is well to remark just here that because y = / (+7) can 
always be represented by a locus, and since its derivative 
with respect to + represents the slope of the tangent at the 
point (.v, 7), it will generally be finite. It is only at the 
points where the tangent is parallel or perpendicular to the 
axis of + that the derivative is zero or infinity. //ence the 
ratio of ay to ax, whose limit is the slope, Zas generally a 
finite limit. 

We have studied now, with some thoroughness, the 
theory of tangents and will next take up, a no less impor- 
tant subject, ‘he method of rates. Whena variable changes 
so that, in consecutive equal intervals of time, the incre- 
ments are equal, the change is said to be wxzform, other- 
wise variable. For uniform change, the increment of the 
function in the unit of time is called the vate. Thus in 

space 





the case of uniform motion, velocity = rate = ) 
time 


For a variable change, the rate of the function at any 
instant is what its increment would become ina unit of 
time if at that instant the change became uniform. 

In looking for an illustration to show clearly the spirit 
and method of the calculus, perhaps none is more satisfac- 
tory to the beginner than the consideration of falling bod- 
ies in vacuo. If we call the space in feet, described by 
the falling body in ¢ seconds, s and g the acceleration due 
to gravity, we have the relation between the space and 
time, as given by numerous experiments, expressed in the 


following equation, 


s= ly, g f: 
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g is a variable for different latitudes and is 


slightly over 32. Take it 32 for brevity. 


Ss Of ..«-<tesh 
7 In the time ¢ + af the space described would 
| A be s + as (see fig. 3), and by the same law, 
os (s as) = 16 (¢ aly. 

Subtracting the preceding equation and divid- 

£49. f ing by a/, 

AS 

— = 16 (2/ Af). 

Al 


This gives the average rate or velocity with which the 
small space as is described. 

As the rate or velocity is changing all the time, call 
z, and wv, the least and greatest values of the velocity in de- 
scribing the space as; then the spaces which would have 
been described with uniform velocities v,, v, in time a/ are 
v7, af and 7, a4, which are respectively less and greater than 
the actual space as. 

As 
Hence 7,, — and v, are in ascending order of magnitude. 
Al 
As a/ (and as consequently) is diminished indefinitely, these 
three quantities approach equality and the exact velocity 
the body has at the beginning of the space as is given by 
the constant to which they approach indefinitely but never 
as 
attain. But lim. 7, = lim. v, = limit — = velocity or 
nY4 
rate at the instant the space s has been described (see Ed- 
wards’ Differential Calculus). 

Hence in the particular example above, the ve/oczty the 
falling body has, at the end of ¢ seconds, when it has de- 
scribed the space s, is, 

ds AS 
— = lim. — = 32/..... (12); 
at al 
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z. e., the body at the end of 1, 2, 3. . , seconds is moving 


with a rate of 32, 64, 96.., feet per second. The same 
conclusion follows if we give a decrement to / in eq. (11). 
Thus 
(s — as) = 16 (¢— aé? 
as 
.'. lim, — = lim. 16 (24 — at) = 322. 

Al 
The average velocity in describing the space as just above 
the point considered is 16 (24 — a/), that below, as found 
above, is 16 (2¢ a/); the true velocity lies between them 
and is equal to the limit 16 (2¢) of either. 

The above general demonstration can be adapted to the 
rate of increase of any function, « = /(¢), which does not 
change uniformly with the time, # representing a magni- 
tude of any kind, as length, area, volume, etc.; for if az 
is the actual change of the magnitude in time a/, and 
r, and v, the least and greatest values of the rate of change 
of «# in the interval a/, corresponding to the increments 
r, al, r, af, of the magnitude, if these rates were uniform 
for the time a/, then 7, a4, az and +r, a/ are in the ascend- 

Au 





ing order of magnitude; also 7,, and 7, are in the same 
al 

order. Hence, as these quantities approach equality in- 

definitely as a¢ tends towards zero, the limit of any one of 


them is equal to the actual rate of increase of the magni- 


tude w which is thus represented by lim. 7, = lim. 7, or, 
Au du 
lin. — = —. 
Al at 


Thus the derivative of azy function, which varies with 
the time, with respect to ¢, gives the exact rate of increase 
of the function at the instant considered. 

If « and + are both functions of 4, connected by the 
relation « — F (.), then 
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au 
du at rate of change of w 
de dx rate of change of r 
dl 


As an illustration, find the rate at which the volume z 
of a cube tends to increase in relation to the increase of an 
edge +, due to a supposed continuous expansion from heat. 


du 
evo. — = 30%. 
ax 
Therefore for + = 1, 2, 3, the volume tends to increase 


at a rate 3, 12, 27 times as fast as the edge increases. 
Numerous examples could be given of the application of 
the differential calculus to the ascertaining of relative rates, 
but the above’ will suffice to illustrate the principle. 
du 
It has been shown above that if « = /(/), — represents 
at 
the rate of change of w, if at any time ¢, the rate is sup- 
posed to become uniform; hence dw represents what the 
increment of 2 would become in time d. 
As time must vary uniformly, @/ is always a constant, 
though it is entirely arbitrary as to numerical value; hence 
the differential of a variable can be defined, as what the 


increment of the vartable would become in any interval of 


time tf, at the instant considered, the change becomes unt- 
form or the rate becomes constant. If wu is a function of 
several variables, then the differentials of each must be 
simultaneous ones, corresponding to the same interval of 
time. 

Newton, in establishing his calculus of fluents and flux- 
ions, conceived a curve to be traced by the motion of a 
point, an area between the axis of x, the curve and two 
extreme ordinates, to be traced by the motion of a variable 
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ordinate to the curve and a solid to be generated by the 
motion of an area. 

As a point traces a curve DPS (fig. 2), when it reaches 
the point P, it has the direction of the tangent PT at that 
instant; for we can make only two suppositions: (1) the 
direction coincides with that of some chord passing through 
P, whether the other end of the chord precedes or follows 
P, or (2) it coincides with the tangent; but it cannot have 
the direction of a chord at the point P without leaving the 
curve; hence this supposition is false, and as one must be 
true, it follows that the direction of motion at P must coin- 
cide with the tangent PT. 

At the point P therefore, by the definition above of a 
differential, the simultaneous differentials of .v, y and s are 
what their increments would become, during any time, if 
at P their rates of change should become constant. This 
can happer only where the motion takes place uniformly 
along a straight line and this line must be the tangent at 
P, as that is the direction of motion at that point. The 
differentials dr, dy and ds can thus be represented by PQ, 
OI and PI respectively, or by PR, RT and PT, for a uni- 
form increase along the tangent would correspond to a 
uniform rate horizontally and vertically. This agrees with 
what has hitherto been established. 

The rales of increase, horizontally, vertically and along 

av ay as 
the tangent, are —, — and — respectively. 
at at at 

The differential of an area is found as follows: Let area 
CDPA = a, then if ar = dv = AB, du = yd ; for although 
Au area APSB, the increase of area will not be uniform 
if the upper end of the ordinate AP moves along the curve, 
but it will be uniform if it moves uniformly along POR; 
for then equal rectangles, as APQB, will be swept out by 
the ordinate AP as it moves to the right, in equal times. 


4 
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do 
Therefore by the definition of differential above, area 
APOB = ydr. This is readily proved by the method of 


limits thus: Note that, 
yar < au (yv AV) AY; 


hence dividing by Jv and observing that as Jv diminishes 


Ju 
indefinitely, (.v + av) and hence — (which ts still nearer 4’) 
| | An 
approach y indefinitely in value, 
Au au 
.. im — —=y.... (II). 
Ant a 


Similarly we can prove, by either method, that if V 
represents the volume generated by CDPA revolving about 
oX, that a@V is represented by the volume generated by 
APOB about OX .*. dV xy" ax. 


Referring to eq. (11) and fig. 2 it is seen that if for any curve “ irea 
CDPA can be expressed as a function of 1, or # = / (+), then by the 
usual notation, 


Au 
lim. . fy 


fa 
and this equals y by (11 
On calling zw an infinitesimal that tends towards zero in the same time 


as Ar, we can write 


Au f'ir) + w) ar. 
since on dividing by ar and taking the limit, we are conducted to the 
preceding equation. But by the Leibnitz method the term (wav) is thrown 
iway, on differentiating / , When Ar and gz are infinitely small, 


so that aw fas VAY. 

(nother error is made, however, by regarding the area aw APSB as 
equal to APQB, which, combined with the preceding result, gives cor- 
rectly, area APOB = yar. As Leibnitz regarded du and dr as identical 
with aw and Ar, when the latter were infinitely small, they should replace 
the latter in the above equations to express them by his notation 

Thus truth is again evolved from error, and it can be similarly shown 
in other cases, though a general demonstration seems difficult, if not im- 
possible. 

The *‘Method of Indivisables’’ by which ‘lines were considered as 


composed of points, surfaces as composed of lines and volumes as com- 
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posed of surfaces, has not been alluded to, as it is not now found in any 
text-books. It is an exploded theory. Cavalieri, the author, was led to 


it by noticing, ¢. g., that in fig. 2, area APOB was never exactly equal to 


+ 


area APSB; hence he made a: o and regarded the area Aw as a line 
AP, so that # area CDPA was made up of an infinity of lines, ete. 
This is analogous to the statement that a variable can reach its limit. 

In conclusion, let us hope that soon, the false conceptions 
concerning the fundamental principles of the calculus may 
be eliminated from all text-books. The world is. still 
waiting for the treatise on the calculus that is simple and 


clear and at the same time rigorous in its logic. 


REMARKS ON THE GENERAL MORPHOLOGY OF 
SPONGES. * 
BY H. V. WILSON. 

I have shown? that in Esperella and Tedania the sub- 
dermal cavities, canals and chambers develop as separate 
lacunze in the parenchyma or mes-entoderm of the attached 
sponge, subsequently becoming connected into a continu- 
ous system. As regards the devclopment of the canal sys- 
tem such varving accounts are given by different authors 
that were it not for the help lent by comparative anatomy 
it would be quite impossible to form any idea of the fun- 
damental morphology of sponges. Fortunately for the 
student entering this puzzling domain comparative anatomy 
has, in the hands of Haeckel, Schulze and Polejaeff, pro- 


vided a stand-point from which the varving phenomena of 


hese remarks were originally written as part of a paper on the embryology of 


sponges, which it is expected will soon go to the press. It has not been found possible 
to insert in the present text the wood-cuts with which the intention was to illustrate 
many of the facts referred to rhe omission of the cuts, while it is to be regretted 


will not be found to interfere with the intelligibility of the views expressed 


tNotes on the Development of Some Sponges. Journal of Morphology, Vol. V, No. 3 
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development and structure may be viewed with at least a 
partially understanding eye. It may be that an increas- 
ing accumulation of facts will show that Haeckel’s con- 
ception of the relation of the simple calcareous sponges 
to the complex horny and silicious forms is not well 
founded, and that Schulze’s view of the parts played by 
the embryonic layers in producing the adult anatomy is 
not the true one. But at present it is only with the aid of 
these theories that one can form any clear conception of 
the sponges in general, and so provisionally at least we 
are bound to accept them. 

Comparative anatomy points in no undecided manner to 
the phylogenetic path along which sponges have develop- 
oped, and so permits us to construct a standard of ontogeny, 
with which we may compare the actual development of 
each species as we witness it to-day, aud so be enabled to 
note the amount and kind of divergence (coenogeny ) ex- 
hibited. That coenogeny is exhibited to a great degree in 
the embryology of sponges is evident from the various 
types of development described, and in the future much 
may be hoped from the study of a group like this for the 
understanding of the laws of development. For the pres- 
ent all we can do is to accept what seems the most probable 
phylogeny, recording the instances of supposed coenogeny 
as they are observed. Adopting this method, I have to 
regard the development (7. ¢., the later development or 
metamorphosis) of Esperella and Tedania as far removed 
from the phylogenetic path. Before pointing out the fea- 
tures in which the development of these sponges is so 
strongly coenogenetic, it will be worth while to review 
briefly the evidence on which rests the current view of 
sponge morphology. 

Lvvdence from Comparative Anatomy as to Sponge Phy- 
logeny. ‘The strongest evidence offered by comparative 


anatomy lies in the series of forms, passing by gradations 
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from very simple to complex types, found in the calcareous 
sponges,* and in the little group of silicious sponges, 
the Plakinidze, described by Schulze.+ A comparison of 
these forms goes to show that the simplest Ascon sponge 
(Olynthus) must be regarded as the ancestral type of the 
group, and that by the continued folding of the wall of 
this simple form were produced the more complicated 
sponges. Further, the exceedingly complex silicious and 
horny sponges must be interpreted as colonies in which the 
limits of the individual can in many cases no longer be 
recognized, 

The caleareous sponges offer a series of increasingly com- 
plex forms, which Haeckel divided into Ascons, Sycons 
and Leucons. Haeckel’s views on the relationship of these 
forms must in great measure be accepted to-day, though in 
certain respects, especially as regards the anatomy of the 
Leucons, later researches (Polejaeff, 7 c.) have shown that 
he was not always in possession of the real facts of the case. 

The simplest calcareous sponges, or Ascons, which serve 
as the basis for Haeckel’s hypothetical sponge ancestor, the 
Olynthus, are too familiar to call for any description. The 
interesting form, //omoderma sycandra (von Lendenfeld) 
may, however, be mentioned, in which the body is sur- 
rounded by radial tubes, after the fashion of a Sycandra, 
but with this difference: The central cavity as well as 
the radial tubes is lined with collared cells. <A figure of 
this interesting sponge is accessible in Sollas’s article on 
Sponges in the Enevelopedia Brittannica, or in the Zoologi- 
cal Articles by Lankester, ete., page 40. 

Homoderma bridges the way from the Ascon type to the 
simplest Syvcons, in which the radial tubes are distinct from 
one another. A surface figure of such a Sycon (.Sycet/a 


Haeckel, Kalkspongien Polejaeff, Challenger Report on the Calcarea 
+E. EK. Schulze, Die Placiniden, Zeit. fur Wiss. Zool. Bd. 34 
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primitiva) is given in Vosmaer.* In the majority of Sycons, 
however, the radial tribes are not distinct, but are con- 
nected together more or less by strands of mesoderm cov- 
ered with ectoderm. The complicated ectodermal spaces 
thus formed, which lie between the radial tubes, are known 
as intercanals. Water enters the intercanals through the 
openings in the surface (surface pores) and passes into the 
radial canals through the openings in their walls (the primi- 
tive pores—so-called chamber pores). The embryology of 
the Sycons, as far as known, confirms the belief that they 
are derived from the Ascons. Thus Syeandra raphanis 
passes through a distinctly Ascon phase, the radial tubes 
appearing later as outgrowths. The actual development 
of complicated intercanals, such as those just mentioned, 
has never been witnessed, but the comparison of a large 
number of forms in which the connection between the 
radial canals varies within wide limits makes it pretty cer- 
tain that they are homologous with the simple ectodermic 
spaces between the radial tubes of Sycetta. It is exceed- 
ingly probable that the actual development of the compli- 
cated Sycons will show that the radial tubes are in young 
stages distinct from one another, and only later become 
connected together by bridges of tissue so as to form com- 
plex intercanals. And so we must at present regard the 
intercanals as lined with ectoderm. 

Coming now to the Leucons, we find that Polejaeff'’s de- 
scription of the anatomy of this family accords with their 
derivation from the Sycons, quite as well as did Haeckel’s 
more imaginative conception of the structure of these 
forms. ‘Taking one of the simplest of Polejaeff’s types, 
Leneilla connexiva (Pl. VI, fig. 1a, Polejaeff 7 ¢.), let us 
compare it with a Sycon. Such a form is obviously de- 


{ 


rived from a Svcon by the evagination of the wall of the 


Vosmaer, Bronn Klass. and Ordnungen, Spongien, Taf. IX. Schulze, Zeit. fur 
. | 1 
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paragastric cavity at certain points. These evaginations 
give rise to numerous diverticula of the central cavity, 
which constitute efferent canals. The radial chambers are 
at the same time thrown into groups, each group opening 
into one of the new diverticula. The intercanals penetrate 
as before between the several radial chambers, bringing 
water to the chamber pores, the complexity of their arrange- 
ment naturally being increased by the folding of the wall 
of the paragastric cavity. 

The increasing complexity in the Leucon family is 
brought about by the ramification of the primitively sim- 
ple efferent canals, the radial tubes growing shorter and 
becoming in the most complicated types spheroidal cham- 
bers quite like the flagellated chambers of the non-calcareous 
sponges. In Leucilla uter, for instance (Polejaeff, Pl. VI, 
fis. 2a), the efferent canals exhibit branching of a simple 
character. But in such a form as Lewuconia multiformis 
(Polejaeff, Pl. VI, fig. 3@) the ramification of the efferent 
canals becomes exceedingly complex, and the radial tubes 
here appear as spheroidal flagellated chambers. The inter- 
canals (or afferent canals, as they are called in all sponges 
but the Sycons) follow the efferent canals in all their wind- 
ings, bringing water from the surface pores to the pores in 
the walls of the flagellated chambers. 

The chief conclusions to be drawn from this anatomical 
comparison of the various forms of Sycons and Leucons 
are that the afferent canals of Leucons are homologous with 
the intercanals of Sycons and are lined with ectoderm; 
that the flagellated chambers are homologous with the 
radial tubes; that increasing complexity is brought about by 
the ramification (or folding of the wall) of the efferent 
canals. 

The canal system of a complicated Leucon, like Leu- 
conia, is essentially like that of a common silicious or 
horny sponge (having flagellated chambers, afferent and 








36 JOURNAL OF THE 


efferent canals) except in the one respect that in the Leucon 
there is a single central cavity opening by a terminal 
osculum, while in most silicious and horny sponges there 
are several orcula leading into as many spacious efferent 
cavities. But here the disposition of the calcareous sponges 
to form indubitable colonies helps us out, for if we com- 
pare the silicious or horny sponge with a colony of Leu- 
cons instead of with a single one, we find that its deriva- 
tion from such simple symmetrical forms is made easy. 
We must suppose the complex non-caleareous sponge to be 
a colony, in which the limits of the individuals have been 
lost or obscured by the increasing thickness of the walls. 
This increasing thickness would finally result in a more or 
less complete fusion of the members of a colony into an 
undivided mass with oscula scattered over the surface. 
Each of the main efferent canals of the non-calcareous 
sponge is homologous with the paragastric cavity of a sin- 
gle Leucon. Both the canal and its set of branches, though, 
are extremely irregular, having completely lost the sym- 
metry of the ancestral type. The flagellated chambers 
still bear the same relation to the efferent canals as they 
did in the Leucon; 2. ¢., they are simple diverticula of the 
canals. The system of afferent canals is obviously homolo- 
gous with the same system in the Leucons, bearing ideuti- 
cally the same relation as in the latter group both to the 
flagellated chambers and the efferent canals. The sub- 
dermal cavities (which are only modified portions of the 
afferent cana] system), communicating with the exterior by 
numerous pores, though a late acquisition, are found in cer- 
tain Leucons; ¢. ¢., Eilhardia Schulzei (Polejaeff, Pl. IX). 

In many of the Non-calearea the colonial nature of the 
sponge is indicated by the presence of elevations (oscular 


tubes or papilla), bearing oscula on their summits. But 


the number of oscula is not always to be taken as indicating 


the number of individuals of which the sponge is com- 
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posed, for the colonies of caleareous sponges show plainly 
that the budding individuals do not always develop oscula. 
And on the other hand, there are certain indications in the 
silicious sponges that in the aduit oscula may be developed 
almost anywhere. In spite of the difficulties, however, in 
fixing upon the limits of the component individuals the 
higher sponges are best regarded as colonies. Perhaps the 
nearest approach made in other groups to the formation of 
such colonies, in which the personality of the component 
individual is so nearly lost, is found in corals like Maean- 
drina, in which the united gastric cavities of the polyps 
form continuous canals perforated at intervals by mouths. 

We therefore reach the conclusion that the higher sponges 
(non-calcareous) have been derived from colony-producing, 
symmetrical forms, in which the evaginations of the primi- 
tive paragastric cavity had already taken the form of 
efferent canals and flagellated chambers; that is, from forms 
allied to the existing Leucons. And we further come to 
the conclusion that the subdermal cavities and afferent 
canals are homologous with the intercanals of Sycons, and 
hence phylogenetically, at least, are infoldings of the ecto- 
derm. The whole efferent system (canals and flagellated 
chambers both), on the contrary, is homologous with the 
same system in the calcareous sponges, and is endodermice. 

This conclusion as to the parts played by the germ layers 
in producing the adult non-caleareous sponge, is the one 
enunciated by Schulze in his classical paper on the 
Plakinide (p. 438). In this little family of silicious 
sponges Schulze finds a genus, Plakina, the three species 
of which form links in a chain of increasing complexity, 
showing quite as clearly as did the calcareous sponges that 
the afferent system is derived from ectodermal infoldings, 
and the efferent from endodermal outfoldings. 

The Plakinidz are Tetractinellids. The three species 
of the genus Plakina are small encrusting sponges found in 
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the Mediterranean, on the under side of stones, shells, ete. 
In the simplest species, 7. monolopha, there is a continuous 
basal cavity crossed by strands of tissue. From the cavity 
run more or less vertical efferent canals, which are simple 
or very slightly branched, and into which open the flagel- 
lated chambers. The afferent canals are spacious cavities 
opening on the surface by wide mouths. The periphery 
of the sponge forms a continuous rounded rim, the ‘‘ring- 
wall,’’ and the oscula, one or several, are situated here. 
The surface of the sponge inside the ‘‘ringwall’’ is divided 
up into Jow rounded elevations, caused by the upper ends 
of the efferent canals, between which lie the wide apertures 
leading into the afferent canals. Schulze was fortunately 
able to observe the main features in the development of 
this interesting form. There is a solid swimming larva 
which settles down, forming a flat circular mass. <A cen- 
tral cavity appears in the mass, the lining cells becoming 
columnar, and the sponge is thus transformed into a flat, 
three-layered sac, the three layers being respectively ecto- 
derm, mesoderm, entoderm. The flagellated chambers 
appear in a single layer round the central cavity into which 
they open. They are very probably formed as diverticula 
of this cavity. Schulze did not follow the development 
further, but a comparison of the adult with the sac-like 
young form makes it pretty certain that the young form 
undergoes a process of folding, which gives rise to the 
efferent and afferent canals of the adult; or, in other words, 
the efferent canals arise as vertical evaginations of the sac- 
like stage. The afferent canals are consequently to be re- 
garded as lined with ectoderm. 

In the other two species (72. dz/opha and 7. trilopha) the 
oscula are not situated at the periphery as in 7. monolopha, 
but at some distance internal to it; and the efferent canals 
do not form projections on the surface as in the first species. 


A comparison of the canal systems makes it evident that 
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P. dilopha Nas been derived from P. monolopha by an 
increase in the thickness of the mesoderm lying beneath 
the surface of the sponge. The wide afferent canals of 7? 
monolopha become transformed into the narrow afferent 
canals of 7/2 delopha. 

Plakina trilopha goes a step farther in the direction of 
complexity than does 7. dlopha. It has probably been 
derived from the latter species by the appearance of sec- 
ondary folds in the radial efferent tubes; by the trans- 
formation of the basal cavity into a system of lacunae, 
owing to the increase in the number of the connecting 
strands of tissue between the basal layer and the part of 
the sponge containing the flagellated chambers; and by a 
complication in the afferent canals in consequence of which 
they do not open each by a single aperature, but by a num- 
ber of small apertures the surface pores. 

Schulze’s conclusion that these species all lie in one line 
of descent—that is, that the second species has been de- 
rived from the first, and the third from the second—receives 
as much support from a study of the spicules as of the 
canal system, but here reference will have to be made to 
the paper. 

From comparative anatomy, then, we conclude the phy- 
logeny of the sponges to be something as follows: The 
Olynthus is the ancestor of the group. The outgrowth of 
radial tubes gave rise to the Sycon type. The growth of 
the mesoderm and development of new endodermic diverti- 
cula, coupled with the metamorphosis of the radial tubes 
into flagellated chambers, produced the Leucons. The 
non-caleareons sponges have been derived from types more 
or less like the Leucons. And the conclusion with regard 
to the germ layers is that the efferent system is entirely 
endodermic, and the afferent system entirely ectodermic. 

Embryological Evidence. et us see now how far the 


known facts of development support the above conclusions. 
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The evidence from the calcareous sponges (Sveandra passes 
through Olynthus stage) has already been given. Several 
of -the non-caleareous sponges (Oscare/la lobularis, Reniera 
filigrana, Chalinula fertilis, Plakina monolopha) run through 
a stage known as the rhagon (Sollas), which it is permissible 
to regard as the ontogenetic representative of the Sycon type. 

The rhagon of Oscarella* is a three-laved sac with a 
terminal osculum. The flagellated chambers form a single 
layer round the central cavity opening into it by wide 
mouths, and opening on the surface by pores. Regarding 
this form, as seems best, as equivalent to the Sycon type, 
it will be noticed that the radial tubes of the Sycon are 
coenogenetically replaced by flagellated chambers. The 
rhagon of Oscarella is formed as an invaginate gastrula, 
which attaches mouth down. ‘The gastrula mouth closes 
and the osculum is a new formation. The flagellated 
chambers rise as true diverticula from the central cavity. 
The adult Oscarella, the canal svstem of which is not far 
removed from that of Vakiza monolopha, is very probably 
formed from the rhagon, by the development in the latter 
of a number of simple diverticula from the central cavity. 
These diverticula are the efferent canals into which open 
the flagellated chambers. The ectodermic spaces between 
the efferent diverticula become the afferent canals. The 
adult Oscarella, like 72. monolopha, is directly comparable 
with a simple Leucon. ‘The development of Oscarella, in 
large measures, confirms the conclusions drawn from com- 
parative anatomy, and may therefore be considered as 
phylogenetic. 

The development of 7lakina monolopha (Schulze, /. c.) 
has already been described. The sac with its single layer 
of flagellated chambers round a central cavity is a rhagon, 
and may be taken as representing the Syvcon stage. The 
adult Plakina*itself is the Leucon stage. 
lla Inst. Wien. Rd 
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In Reniera filigrana* there is a solid swimming lafva, 
which after attaching acquires a central cavity with an 


apical osculum. The flagellated chambers arise as diverti- 


cula from this cavity. Thus in this sponge also there is a 
rhagon stage. But in one matter we strike upon a coeno- 


genetic modification. The afferent canals instead of being 
ontogenetically formed from the ectoderm, as they seem to 
have been phylogenetically, are really formed from endo- 
dermic diverticula, which grow outwards, meeting the sur- 
face epithelium. 

In Chalinula fertilist there is also a solid larva in which 
a central cavity is hollowed out. But in this sponge the 
flagellated chambers of the rhagon stage do not arise as 
endodermic diverticula, but are formed independently from 
solid groups of mesoderm cells. ‘This origin of the flagel- 
lated chambers must be regarded as coenogenetic. The 
fact that the mesoderm may take upon itself the function 
of forming organs ordinarily formed by the entoderm, 
would seem to indicate that the two layers are of much the 
same nature. This essential similarity between the two 
layers has always been maintained by Metschnikoff, not 
only on the ground of development, but for physiological 
reasons as well. Thus in young Spongillas when the water 
became bad he witnessed the entire disappearance of the 
flagellated chambers, the sponge then consisting of ectoderm 
and mesoderm alone. With a fresh supply of water the 
chambers re-appeared.{ Again, after feeding carmine in an 
excessive amount to //alisarca pontica, he found that the 
canals and chambers entirely disappeared, the whole 
body of the sponge inside the ectoderm consisting merely 


of a mass of amoeboid cells full of carmine (z47d., p. 272). 


Marshall. Die Ontogenic von Reniera filigrana. Zeit. fur Wiss. Zool. Bd 

*Keller Stud. uber die Organisation und die Entwick der Chalineen. Zeit. fur 
Wiss. Zool. Bd ; 

Metschnikoff. Spong. Stud. Zeit. fur Wiss. Zool. Bd 
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The development of the afferent system in Chalinula was 
not worked out with certainty. 

The embryology of the preceding sponges in which a 
rhagon type is developed agrees pretty well with our gen- 
eral notions of sponge phylogeny. But there are other 
sponges, the development of which has been so excessively 
modified as no longer to be of any use as finger posts to 
phylogeny, but which afford an excellent field for the study 
of what may be called the methods of coenogeny. In 
Hlalisarca Dujardini( Metschnikoff, 2. c.), for instance, there 
is a solid larva in which the canals appear as so many 
separate lacunae surrounded by parenchyma (mes-entoderm) 
cells. The canals only subsequently acquire a connection 
with each other. In Esperia* the subdermal spaces, canals 
and chambers arise separately as lacunae in the parenchyma. 
The chambers are formed from aggregations of small cells 
in the parenchyma, which Maas believes, on what seems to 
me insufficient evidence, to be ectoderm cells of the larva 
that have migrated into the interior. The efferent canals, 
Maas thinks, are formed from similar cells. In Esperia, 
according to Yves Delage,+ the chambers arise by division 
of special mesoderm cells. The epithelium of the canals 
comes from the larval ectoderm, which has migrated into 
the interior. In Spongilla, according to the same author, } 
the ectoderm cells of the larva are engulfed by mesoderm 
cells and then become the lining cells of the flagellated 
chambers. The observations of Delage on these points 
need to be confirmed before they can be taken as the basis 
for generalizations. 


In voung Stellettas§ the subdermal cavities seem to arise 


*Maas. Die Metamorphose von Esperia Lorenzi, etc., Mith. aus dem Zool. Sta. zu 
Neapel, Bd. 10, Hept 

tSur le developpement des Eponges siliceuses, etc. Comptes rendus. T. 11 

tSur le developpement des Eponges (Spongilla fluviatilis). Comptes rendus. T. 113 

2Sollas. Challenger Report on Tetractinellidae, pp. XVI. XVII 
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as lacunae in the parenchyma. And in the external buds 
of Zethya maza* Selenka believes that the subdermal cavi- 
ties have a similar origin. 

In Spongilla, according to Géttet, the subdermal cavities 
and canals are formed as independent lacunae in the 
parenchyma, and the flagellated chambers are formed from 
groups of cells, each group (and chamber) being produced 


7 


by the budding of a single large mesoderm cell. This 
account of the development of these structures in Spongilla, 
which is not very different from my own for Esperella and 
Tedania, is contradicted by Maas,{ who brings Spongilla 
in line with the forms having a rhagon. Maas describes 
in the larva a central cavity from which the chambers arise 
as diverticula, the central cavity persisting in a modified 
shape as the efferent system of canals. The subdermal 
spaces arise as ectodermal invaginations, from which the 
afferent canals are formed as ingrowths. Thus, according 
to Maas in the ontogeny of Spongilla, the whole afferent 
system is formed from the ectoderm and the whole efferent 
system from the endoderm. Ganin’s earlier account§ like- 
wise describes the chambers as diverticula from a main 
endodermic cavity. 

In the metamorphosis of a larva which probably belongs 
to Myxilla, Vosmaer finds that the subdermal cavities 
begin as fissures which gradually become wider, and that 
the canals and chambers likewise appear as intercellular 
spaces. Finally in the gemmule development of Esperella 
and Tedania, I find that subdermal cavities, both sorts of 
canals, and the -flagellated chambers, all arise as inde- 
pendent lacunae in the parenchyma. 

Accepting as ancestral the development of Oscare//la and 


Zeit. f. Wiss. Zool. Bd. XXXIII. 
+Untersuchungen zur Entwicklungs-geschichte von Spongilla fluviatilis, 1886 
*Ueber die Entwicklung des Sursswasserschwamms. Zeit. fur Wiss. Zool. Bd. 5 


Zur Entwicklung der Spongilla fluviatilis. Zool. Anzeiger, 1878. 
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Plakina monolopha, the various coenogenetic modifications 
which appear in other sponges may be classified as follows: 

1. The efferent canal system, instead of arising as a 
single cavity which throws out diverticula, may be formed 
as so many distinct cavities, which subsequently unite 
(/esperclla, Tedanta, Ee:sperta lorenzi and lingua, Halisarca 
Dujardini, Myvitla). 

2. The flagellated chambers, instead of arising as endo- 
dermic diverticula, may be formed from groups of mesoderm 
cells (/:sperella, Tedanta, Chalinula fertilis, Myxilla and 
probably in /sferta lorenzi and /. lingua). 

3. The afferent canals, including the subdermal cavities, 
instead of being formed as invaginations from the ectoderm, 
arise as lacunae in the mes-entoderm (/:sfere/la, Tvdania, 
Esperia lorenzi and lingua, Stelletta, Myxilla). In Reniera 
filigrana they are formed as entodermic diverticula. 

The coenogenetic development of the flagellated chaim- 
bers and efferent canals suggests, as I have said, an 
essential similarity of nature in the so-called entoderm and 
mesoderm of sponges. This belief, so long upheld by 
Metschnikoff, derives some of its strongest support from 
this author’s physiological investigations (see av/e, p. 10), 
as well as from the fact first emphasized by Metschnikoff 
and Barrois, that in the most common sponge larva, 7. ¢., 
the solid larva, the mesoderm and entoderm form a single 
indivisible layer. 

And likewise the development of the afferent system of 
canals in some sponges from the ectoderm, in others from 
the mes-entoderm, may possibly be taken as meaning that 
even these two primary layers (the outer and the inner) are 
not distinctly differentiated from each other in the sponges, 
or, in other words, that the mes-entoderm is still enough 


like the ectoderm to form organs ordinarily produced by 


the latter layer. 
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There is another (hypothetical) way of explaining these 
phenomena, which consists in supposing that ectoderm 
cells of the larva migrate into the interior, and though in- 
distinguishable from the surrounding mes-entoderm cells, 
alone take part in forming the afferent canals. Similarly 
we may suppose that in the solid mass, which constitutes 
the parenchyina of Esperella, there are two radically dis- 
tinct classes of cells, one of which is potentially gifted 
with the power of forming efferent canals and flagellated 
chambers, while the other has not the power, and must 
remain as amoeboid mesoderm. But this is pure hypothesis. 

The result of this critical examination seems to be that 
the Olynthus must be regarded as the common ancestor of 
sponges (Haeckel, Kalkspongien), and that the entoderm 
and mesoderm are not sharply differentiated from one 
another as they are in the higher animals (Metschnikoff, 
Spong. Studien, p. 378). 

Origin of the Olynthus. 'The prevalence of the solid 
larvain sponges and Hydromedusz, coupled with the wide- 
spread presence of intracellular digestion in the lowest 
metazoa, led Metschnikoff years ago to the belief that the 
solid larva represents the ancestral form of the metazoa, 
while the gastrula is a coenogenetic modification.* To my 
own mind all the facts that we know indicate that Metschni- 
koff’s conclusion is well founded. This hypothetical an- 
cestral form is known as the Parenchymella (Phogocytella). 
I may be permitted to recall its leading features as deduced 
by Metschnikoff. The animal consisted of an outer layer 
of flagellated cells and an inner mass of amoeboid cells. 
The digestion was intracellular, the food being taken in 
through intercellular openings (pores) scattered over the 
surface. A central cavity having a special opening to the 


*Metschnikoff. Spongiologische Studien. Zeit. f. Wiss. Zool. Bd. 32. Metschnikoff. 


Embryologische Studien au Medusen. Wien., 1886. 
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exterior (osculum) was a later acquisition, the osculum 
being in all probability one of the small apertures (pores) 
especially enlarged. Even after the formation of this 
cavity the division of the parenchyma into entoderm and 
mesoderm was not (and is not) in the sponges a rigid 
division, the primitive power of digesting food intracel- 
lularly having been retained by both layers. It was only 
with the appearance of the higher animals that the separa- 
tion of entoderm from mesoderm became a perfect one. 
(Spongiologische Studien, p. 378). ‘This solid ancestor of 
the metazoa, Metschnikoff derives from colonial forms like 
Protospongia. Barrois as early as 1876* stated his belief 
that the ancestor of the sponges was a solid animal, com- 
posed of two layers, the outer representing the ectoderm, 
the inner mass representing a parenchyma from which 
have developed the entoderm and mesoderm of higher 
animals (p. 78). 

According to this view the early development of Plakina 
(or Reniera, Chalinula, etc.) gives the first chapters in the 
history of the group of sponges more faithfully than does 
a form like Oscarella (or Sycandra). In the former sponges 
it will be remembered there is a solid larva hollowed out 
to form a three-layered sac, which then breaks open to the 
exterior, forming the osculum. In the latter there is an 
invaginate gastrula, which settles mouth downwards, the 
gastrula mouth subsequently closing and the osculum ap- 
pearing as a perforation at the upper end of the sac. In 
these forms (Oscarella, Sycandra) we have to suppose that 
the Parenchymella stage is skipped, the central cavity 
(which properly belongs to the Olynthus stage) being pre- 
cociously developed coincidently with the immigration of 


the entoderm. The blastopore of the sponge gastrula, on 


Memoire sur l'embryologie de quelques Eponges de la Manche. Ann. Sci. Nat. T. 3, 
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this view, does not represent a primitive organ (Urmund), 
but merely comes into existence owing to the special, and 
highly modified, method of forming the entoderm. We 
do not, therefore, have to construe the Oscarella develop- 
ment (with Heider and Sollas) as meaning that a gastrula 
ancestor settled mouth downward, and that the mouth 
gradually became functionless, finally closing up, while a 
new series of openings, pores and osculum, were estab- 
lished. 

The only remaining point I wish to speak of is the rela- 
tion of the sponges to the Coelenterates. That the two 
groups have had a common ancestor in the Parenchymella 
is highly probable, but the similarity between the Olynthus 
and the simplest Coelenterates inclines one to go further, 
and at any rate homologize the paragastric cavity of the 
former with the gastric cavity of the latter. This, of 
course, is done by authors like Sollas, who derive both 
groups from a common gastrula ancestor. Whether the 
osculum of the Olynthus is also homologous with the gas- 
trula mouth, as Haeckel originally held, is a question 
which needs for its answer more facts relating to the actual 
use to which the osculum is put in the simplest sponges. 
Sollas and Heider urge against the homology the fact that 
the Coelenterate larva attaches by the pole opposite the 
blastopore, while in the sponge larva the blastopore is at 
the pole of attachment. But this I cannot regard as a 
very strong argument, for (with Metschnikoff) I do not be- 
lieve that the opening into the gastrula cavity represents a 
primitive organ (mouth of an ancestor). And if it does 
not, but is merely an incidental product of a particular 
mode of entoderm-formation employed by the animal, it 
has no bearing on the question of homology between oscu- 
lum and mouth. Consequently the fact that in the attach- 


ing coelenterate and sponge larvze the blastopore is at oppo- 








48 JOURNAL OF THE 


site poles is a curious phenomenon, but one aside from the 
problem. 

I doubt very much, however, if any such radical dis- 
tinction can be drawn between the larvze of the two groups, 
for it is a question whether any sponge larva has a par- 
ticular pole by which it must attach. Even in Sycandra, 
Schulze (4. ¢., p. 270) records that exceptional cases occur, 
which cannot be regarded as pathological, in which fixa- 
tion takes place not by the gastrula mouth but on the side. 
Fixation may also be delayed until the gastrula mouth has 
closed and spicules have begun to appear, in which case it 
is not stated by what part the larva attaches. In the solid 
larve of silicious sponges the variation is much greater. 
Such larvz attach in some cases by the posterior pole, in 
others by the anterior pole, and yet in others on the side. 
All these variations may occur in larvze of the same species. 
For instance, Maas records that in Esperia he observed 
fifteen individuals attach by the posterior pole, seventy in- 
dividuals by the anterior pole, and five or six on the side. 
It thus appears that in the larve of silicious sponges at any 


rate there is no constant point of attachment. 


UNIVERSITY OF NORTH CAROLINA, November 7, 1892 

















ELISHA MITCHELL SCIENTIFIC SOCIETY. 49 


RECORD OF MEETINGS. 


SIXTY-SEVENTH MEETING. 
PERSON HALL, January tgth, 1892. 


President Holmes in the chair. 
1. The Oyster Question. H. V. Wilson. 
2. Magnetic Iron Ores of Ashe County. H. B. C. Nitze. 

Report of the Secretary. One hundred and twenty-six books and pam- 
phlets received and the following new exchanges: 

New York Mathematical Society. 

La Société Geologique du Nord du France. 

SIXTY EIGHTH MEETING. 
PERSON HALL, February gth, 1892. 

Called to order by the President. 

3. The Greenwood Process for the Direct Production of Caustic Soda 
and Hydrochloric Acid. Chas. Baskerville 

4. The Determination of the Standards of Length. J. W. Gore. 

5. Chinese Salt-making. F. P. Venable. 

6. The Plan and Limitations of the N. C. Geological Survey. J. A. 
Holmes. 

Report of the Secretary. Seventy-five books and pamphlets received. 

New exchange: E. M. Museum of Princeton College. é 


SIXTY-NINTH MEETING. 


PERSON HALL, April 12th, 1$g2. 


Professor Gore presided. 

7. Common Roads. Wm. Cain. 

8. Igneous Rock Forimation of North Carolina. J. A. Holmes. 
New exchange: Institut Royal Grand Ducal de Luxembourg. 

















